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INTRODUCTION 

The Mohr-Coulomb failure crillerion for soils is credited 
to Coulomb more than two hundred years ago. Never
theless, it seems fair to say that soil mechanics as science 
was founded not more than 60 years aga owing to the 
remarkable work by Terzaghi through the years 1919-25 
(Ref. 31). He defined the effective stress principle and 
spelled out the consolidation theory for soils. 

In the early days of the soH mechanics history, the 
science of solid materials had already existed for a long 
time. Soil mechanics developed along with the need for 
solving engineering problems. It comes as no surprise 
that existing theories regarding failure and deform
ations to a large extent were adopted and applied to soils 
without a rigorous examination of their validity. A 
major obstacle to such confirmation has been the lack 
of adequate testing equipment and experimental 
methods. 

Over the last decade or two extensive research has 
dwelt into pre- and post-failure behaviour of soils, 
including evaluation of failure criteria. H0eg (1978) has 
done arecent review of this development in the Second 
Laurits Bjerrum Memorial Lecture. 

Furthermore, a number of papers representing fairly 
weIl the state-of-the-art were presented in a specialty ses
sion at the Ninth ICSMFE in Tokyo (Ref. 13). 

This Lecture does not aim to review the different 
approaches to modelling of soildeformation behaviour; 
rather certain aspects of soil behaviour will be looked 
into along with the presentation of a new stress-strain 
model. This model was developed by the lecturer as part 
of a doctorate study at the Norwegian Institute of Tech
nology (32). A few more lines shall however first be 
reserved to look into the recent trends in soil modelling. 

After the mid-sixties several attempts (6, 9, 10) have 
been made to modify isotropie, linear-elastic theory to 
account for the non-linear nature of soil behaviour. 
Together with the computer technique becoming avail
able, a large step was taken towards more realistic solu
tions to complicated soil deformation problems. How
ever, there is some concern (21) about formal questions 
involved in some of the simple modified elastic models 
which are meant to account for non-linearity. Experi-
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mental results have also indicated that the plastic nature 
of soils may not be readily represented by simple elastic 
models. 

Drucker and Prager (7, 8) first applied plasticity 
theory to limit analysis of soil problems in the early 
1950's. However, plasticity theory 'was first used a 
decade later in the pioneering work at Cambridge 
University (25,26, 27) to tailor a stress-strain theory for 
soils. 

The 'Cambridge Model' was developed before power
ful numerical techniques became available. These tech
niques greatly advanced in the mid seventies and allowed 
the implementation of various elasto-plastic stress
strain models in finite element programs (34). 

The most recent half-decade has seen a trend into 
elasto-plastic modelling of soils on the formal grounds 
of plasticity theory (19, 23). These models emphasize 
describing yielding in a way consistent with that of soil. 
A model by Prevost and H0eg (1977) also offers the pos
sibility of dealing with inherent anisotropy of natural 
soils. 

The model to be presented attempts to describe in a 
straight forward manner soil behaviour as observed in 
triaxial tests. Including also some basic principles of 
plasticity theory, a complete three-dimensional model is 
formulated. Strictly, the model may be classified as 
neither elasticity theory, nor plasticity theory. 

However, we shall first look into some of the basic 
factors governing soil behaviour. 

FACTORS AFFECTING SOlL BEHAVIOUR 

Such factors may conveniently be divided into two 
groups. On one hand come properties and character
istics essentially inherited from the formation of a 
deposit, such as (mineral) composition, grain size, shape 
and distribution, and the nature of the pore fluid. In 
order to learn why soil behaves in a specific manner it is 
necessary to look into the fabric. 

On the other hand come the state variables: load 
(stress), deformation (strain), time and temperature. 
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Most research work has been devoted to interrelations 
between the state variables, as will this lecture. 

In the following, we shall be basically concerned with 
arelation between stress and strain histories or stress and 
strain paths. Time effects like creep will be ignored and 
isothermal conditions will be considered. 

THE EFFECTIVE STRESS PRINCIPLE 

Terzaghi (1936) stated the effective stress principle (ESP) 
explicitly as follows: 

All the measureable effects of a change of the stress, 
such as compression, distortion and a change of the 
shearing resistance are exclusively due to changes in 
the effective stresses. 

Although very simple and having met with virtually 
no argument about its validity, the principle has not been 
fully understood and appreciated until quite recently. 

The ESP implies a unique relation between strain 
history and effective stress history. 

For a time-independent material, i.e. no deformation 
may take place under constant effective stress, the ESP 
may be rephrased into: there is a unique relation between 
astrain path and an effective stress path. 

It is emphasized that the ESP does not imply a unique 
relation between strain and effective stress. The state of 
strain depends not only on the effective stress, but also 
on the effective stress history. 

In order to demonstrate the validity of the ESP, we 
shall see that it applies to loading in a triaxial cello 
Assurne that loading takes place under constant volume 
(CV). Under such conditions, only two strain paths or 
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Fig. 1. Effective and total stress paths of undrained triaxial 
compression and extension tests. After Bishop and 
Wesley (1975). 
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strain systems are possible; namely axial compression 
and axial extension. Hence only two effective stress 
paths should be available for a time-independent mate
rial. Any total stress path causing eompression should 
imply a unique effeetive stress path for given initial stres
ses. The same goes for extension. 

Figure 1 shows results of undrained triaxial eompres
sion and extension tests run by Bishop and Wesley (1975) 
on saturated clay. As seen, widely different total stress 
paths result in virtually the same effeetive stress path. 
The slight lack of eoincidence between the effeetive 
stress paths is probably due to a small volume change 
during undrained shear. 

Plane strain extension and eompression tests (5) have 
also shown that effeetive stress-strain plots are virtually 
unaffeeted by the total stresses. 

The model presented herein relates paths of effeetive 
stresses to strain paths, henee implying the ESP. 

STRENGTH OF SOlLS 

This leeturer has never seen apreeise and thorough 
definition of failure applying to all soils. The problem of 
definition is associated with the variety of ways in which 
failure may take place. Some soils behave in a brittle 
manner, while others yield over a considerable stress 
range. The nature of the failure mayas weIl depend on 
the aetual stress level applied to the soH. 

From an engineering point of view, failure should pre
ferably be defined in terms of deformation or at least be 
related to deformation. In Norway it is becoming in
ereasingly common to define a characteristic strength at 
strains of the order of 2 Ofo, although the ultimate failure 
likely takes plaee at strains of the order of 100/0. Figure 
2 presents typical effeetive stress paths of an overeon
solidated clay. 

The Mohr-Coulomb failure eriterion, generally 
aeeepted as a reasonably aeeurate failure eriterion for 
most soils, does not incIude the intermediate principal 
stress. Figures 3 and 4 illustrate the Mohr-Coulomb 
faHure eriterion. However, as true (cubical) triaxial 
apparatuses and other elaborate testing equipments 
have been developed, the significance of the intermedi
ate principal stress has been investigated. 

Tests run so far on various sands (11, 16, 18,29) and 
on remoulded clay (28) have on the whole led to the fol
lowing eonclusion: The appearant Mohr-Coulomb frie
tion angle cp as determined from various tests in which 
a2' is greater than a3', tends to be moderately high er 
than the corresponding cp-value from triaxial eompres
sion tests (ai an; ai and a3' denoting the interme
diate and the minor principal effeetive stress respect
ively. 

Tests on cemented clay (33) have, however, indieated 
that inherent anisotropydue to sedimentation and aging 
under anisotropie stress eonditions may be far more 
important than the relative magnitude of a2- No rigor
ous failure eriterion kn()wn to this leeturer is however 
eapable of handling inherent anisotropy. 
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Fig.2. Undrainct:d triaxial compression tests on overconsolidated clay from Ändalsnes 
(by Kummeneje, 1l:ondheim). 

The effective stress principle (ESP) suggests that 
shear strength should be defined in terms of effective 
stresses. Nevertheless, undrained shear strength in terms 
of total stresses still represents the most common 
strength criterion for clay. At first thought this may seem 
to contradict the ESP. However, undrained shearing 
represents a particular deformation pattern or strain 
history to which, according to the ESP, a particular 
stress path or stress history corresponds. Once the stress 
path is given, thejailure shear stress or undrained shear 
strength is defined as weIl. For instance, in Fig. 2 the 
undrained shear strength in triaxial compression is the 
maximum shear stress appearing at the peak of the stress 
path. Thus there is no contradiction between the ESP 
and the notion of undrained shear strength. Rather the 
undrained shear strength is an implication of the ESP. 

Figure 2 also demonstrates the lack of uniqueness of 
the undrained shear strength as two stress paths starting 
from different initial stresses indicate widely different 
strength values. This points out that the undrained 
strength is intimately related to stress history, including 
the initial effective stresses. Thus it is perhaps more ade
quate to use terms likejailure shear stressunder such and 
such conditions, rather than undrained shear strength 
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Fig. 3. The Mohr-Coulomb failure criterion. 
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which misleadingly indicates a physical constant or 
fundamental property of the soH. Due to recognition of 
the ESP, confidence in the undrained shear strength as 
determined from index tests like unconfined compres
sion and fall cone tests is declining. More advanced 
methods like the ADP-analysis developed at NGI (I, 2, 
4) and the SHANSEP-method (17) developed at MIT, 
combine the simplicity of undrained shear strength with 
the fundamentals of the ESP, also recognizing the im
portance of strength anisotropy. 

As a conclusion of this section, faHure of soils are 
governed by effective stresses in agreement with the ESP. 
Ignoring inherent anisotropy, the Mohr-Coulomb fail-
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Fig. 4. Mohr-Coulomb failure surface in the principal stress 
space. 



ure criterion is still considered to apply reasonably weH 
to soils. The Mohr-Coulomb criterion is a corner-stone 
in the model presented herein. 

COMMON ASPECTS OF SOlL COMPRESSION 
AND SHEARING 

A variety of field and laboratory tests are available to 
explore the nature of soil deformation. The I-dimen
sional compression (oedometer) test is probably still the 
most common type oftest forthe provision of settlement 
calculation data. As an illustration, Fig. 5 shows the 
NTH-type consolidometer constructed for continuous 
loading tests. 

Consolidation tests provide log (stress)-strain or 
stress-strain plots. The linear plot enables a convenient 
evaluation of the tangent modulus (constrained mo du
lus). Janbu (1963) suggested that the tangent modulus 
(M) of most soils may be represented by the formula 

(U')I-a M:::::mPa Pa ............................. (1) 

where m 

Pa 
U' 

a 

modulus number 
reference stress, usually 10 kPa 
axial effective stress 
constant in the range 0 to 1 

The parameters m and a l are constants for a given 
soil. 

One of the moduli included in the more general soil 
model presented herein, is related to the constrained 
modulus defined above. 

More thorough information ofthe behaviour of a soil 
sampIe is gained from a tri axial test. Figure 6 demon
strates one of the more sophisticated triaxial appar
atuses developed for axi-symmetrical testing. 

Fig. 5. Consolidometer for eontinuous loading eonsolida
tion tests, developed at the Norwegian Institute of 
Teehnology (NTH). 

I Not to be eonfused with the attraetion defined in Eq. 2. 
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Fig. 6. Automatie triaxial testing equipment developed in 
partnership by GeQnor AIS and the Norwegian Insti
tute of Thchnology (NTH). 

Originally, the triaxial apparatus was basicaHy used 
for the determination of strength parameters. As stress
strain models developed, triaxial devices gradually be
came more useful as they provided information about 
stresses and strains. Stress paths from these tests supply 
an overview of testing conditions, results and behaviour 
of a soil sampIe. 

In Fig. 7, the effective stress paths of triaxial com
pression tests on clay and sand are drawn; in all tests 
shearing of the sampIes is done under constant volume 
or nearly constant volutne conditions (undrained). 

The mobilized Mohr-Coulomb friction angle has 
proved to be a most instructive parameter or stress func
tion; the following definition applies : 

sinp m --~--"'-!.- • • • • • • • • • • • • • • • • • • • • • • • •• (2) 
Y2(UI' + un+a 

where a c/tan~ is the attraction2• If a{ and U3' are 
faHure stresses, then p == ~ and the full Mohr-Coulomb 
friction angle is mobiliaed, cfr. Fig. 2. 

Figure 8 redraws the stress paths in Fig. 7 in terms of 
mobilized Mohr-Coulomb friction versus axial strain. 
The attraction, a, has been carefully selected so as to best 
fit the test results over the stress range in question, cfr. 
Fig. 7. Figure 8 demonstrates for each soil a fairly unique 
relation between mobilized friction and axial strain. Fi
gure 7 also illustrates this as straight concentric lines 
represent approximately equal axial strain; the magni
tude ofaxial strain is given at points along the stress 
paths. 

2 Note that for simplicity no mark (') appears together 
with a, c, <p, p etc. to indicate effective stress parameters as such 
are exclusively dealt with. 
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Fig. 7. Triaxial compression tests on day (undrained) and sand (constant volume). 

Similar approximate uniqueness has previously been 
documented by Lambe (1964) for three normally con
solidated clays. Janbu (1973) extended the concept to 
include sand. He also introduced the degree for shear 
mobilization 

lIF=tanp/tanrp ............................. (3) 

where F is a safety factor. Hence a relation between 
safety factor and strain level is pointed out. 

Also the tests on Model Sand made by the lecturer (32) 
support the concept of uniqueness between mobilized 
friction and axial strain. 

The behaviour ofheavily overconsolidated (OC) clays 
is more questionable. For such clays the overconsoli
dation ratio (OCR) and the maximum past pressure 
(p;) are believed to influence strongly on the attraction 
(a) or the cohesion intercept (c). As a result, the attrac
tion likely becomes increasingly stress-dependent as the 
OCR increases. It is however believed that with an appro
priate choise of attraction, the concept may work when 
considering a limited stress ral1lge. 
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Uniqueness between mobilized friction and axial 
strain, or more correct1y deviatoric strain, under un
drained shear is another cornerstone of the model pre
sented herein. 

CONCEPTUAL IDEA 

In the analysis of soil deformation behaviour, it is con
venient to separate deformation into volume change and 
distortion as illustrated in Fig. 9. 

The volumetrie and deviatoric strains are defined in 
terms of the principal strains by 

€v EI +E2+E3 •••... ··········.···· •.....•.•• (4) 

Ect=EI-E3 •••••....••••••................•... (5) 

When disregarding inherent anisotropy, one can 
represent all the possible states of deformation of tri
axial (axisymmetrical) sampies by a combination of the 
two strain components or strain functions named above. 
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The behaviour of an isotropie, linear-elastic material 
may be described in terms ofthe followingtwo relations: 

7'=G-y ..................................... (6) 

<Tm =K €v ......•••.•.......•••••........••.• (7) 

where G is the shear modulus and K is the bulk modulus. 
The former equation states a unique relation between 
shear stress (7') and shear strain (-y) regardless of the co-

Equation 7 establishes a unique relation between 
mean normal stress (am) and volumetrie strain (€v)' 

Figure lOa demonstrat~s the properties of the iso
tropie, linear-elastie material. Straight vertical and hori
zontal lines refer to equal volumetrie and deviatorie 
strains respectively. The elastie material named "solids" 
in the figure may furthermore obey the Tresca failure cri
terion whieh appears as a straight horizontalline in the 
figure. 

Now, let us see how soH behaviour fits into this picture. 
First we recognize the Mohr-Coulomb failure line as 
being inclined in Fig. lOb. We also notice that <Tm has 
been traded with Y2(<Tl' + an in the lower figure in order 
to suit with the Mohr-Coulomb failure criterion. 

It has been pointed out earlier that signifieant experi
mental evidence indieated straight concentrie lines of 
equal axial strain under undrained triaxial compression. 
This also implies the existence of straight lines of equal 
deviatorie strain (€d) as illustrated in the figure. 

The crucial question is whether unique lines of equal 
deviatoric strain represent a general feature of soil be
haviour, also under loading conditions others than un
drained triaxial compression. 

First it is easy to convince oneself that straight lines of 
equal deviatoric strain are more likelythan lines of equal 
axial strain as a general feature. One argument is the 
apparent similarity to the elastie material. More con-
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which relates the maximum shear stress to the maximum 
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Fig. 11. Effective stress paths of triaxial compression tests on Model Sand under various ratios Ev/Cd' 

vincing is, however, the case oE hydrostatic compression, 
Le. a stress path along the horizontal axis. If one assumes 
isotropie behaviour, volumetrie strain only will take 
place. Hence the horizontal axis is a line of equal (zero) 
deviatorie strain. Axial straining is, however, taking 
place during hydrostatie compression. Therefore the 
hydrostatic axis cannot possibly be a line of equal axial 
strain. 

U nfortunately it is also easy to convince oneself that 
straight concentrie lines may not always correspond to 
equal deviatoric strain. For instance in the Ko-consoli
dation test, Le. no lateral strain may take place, the stress 
path after some shearing likely becomes a straight line 
of eonstant mobilized friction. 

The deviatoric strain is of course not constant during 
one-dimensional compression as €v/€d 1. 

More general, Fig. 11 showS effective stress paths of 
triaxial compression tests run under various ratios €v/Ed 
between volumetrie and deviatorie strain. To each ratio 
€v/Ed the stress path seems to approach a straight line of 
constant mobilized frietion. The Ko-consolidation test 
(Ev/Ed = 1), the constant volume (CV) compression test 
(€v/Ed = 0) and the hydrostatie compression test (Ev/Ed = 
(0) are in fact aIl weIl known special cases under whieh 
stress paths tend to approach lines of equal mobilized 
friction. 

For soils, there is nor a stralght forward relation be
tween mean stress and volumetrie strain as for truly 
elastic materials. One eomplic:llting factor is the absence 
of the intermediate principal stress a2 in the Mohr
Coulomb failure criterion. Another is the tendeney of 
soH to dilate or contract during shearing. Hence lines of 
equal volumetrie strain correspondingto constant effec
tive mean stress may not be expected for soils. 
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In a general soil model, consideration must also be 
given to stress history, inherent anisotropy, stress 
induced anisotropy, rotation of the principal stress 
directions and the magnitude of the intermediate prin
cipal stress. Still it may be useful as a conceptual idea to 
think of soil behaviour in terms ofFig. lOb; on one hand, 
linking mobilized Mohr-Coulomb frietion together 
with deviatoric strain, and on the other hand linking 
mean stress with volumetrie strain. As pointed out 
above, this concept is too simple for a general soil model. 
Some modifieations are neeessary in order to obtain a 
more realistie soil model. 

SOlL MODEL UNDER AXISYMMETRICAL 
STRESSES 

Based on the simple soil deformation concept above, a 
more general soil stress-strain-strength model shaIl now 
be constructed. Instead of presenting the fuH model at 
once, we shaIl start with the simplified model applying 
to triaxial (axisymmetrieal) compression under fixed 
principal stress directions. Thereafter the model shall be 
extended stepwise to include aIl independent principal 
stresses and arbitrary principal stress directions. The 
theory and test results presented refer to the work 
reported in Ref. 32. 

The axisymmetrieal case model is written 

dam' "" Mkd€v + MddEd . . . . . . . . . . . . . . . . . . . . . . . .. (9) 



Four resistanee moduli are involved; 

Mk eompression modulus 
Md dilatancy modulus 
Mg distortion modulus 
Mo (no name suggested). 

The former two moduli have the unit of stress, while 
the latter two are non-dimensional. 

The variables dam', dEy and dEd are respeetively inere
ments of mean effeetive stress, volumetrie strain and 
deviatorie strain. 

Finally, fs is the degree of mobilized frietion (Mohr
Coulomb) defined by 

fs = sinp/sin<p ............................... (11) 

or eombined with Eq. 2: 

f 
__ 1_ Yz(a,' -0'3) 

s-
sin<p Yz(a{+a3)+a 

(12) 

The definition above differs slightly from the one 
given by Janbu (1973) and quoted in Eq. 3. Equations 11 
and 12 normalize the mobilized Mohr-Coulomb friction 
(sinp) in the range 0 to 1. 

We shall first investigate whether the model eomplies 
with the deformation coneept in the preeeding section 
and then determine values of the moduli from available 
test results. Only a few aspects of the model will be 
focused on, as an examination of all its eapabilities 
would prove too lengthy. For further examination of the 
model and exhaustive test results Ref. 32 is referred to. 

Test results and behaviour under loading conditions 
(virgin loading) are primarily examined herein, whereas 
Ref. 32 also provides test results and further details 
regarding unloading conditions. 

At first thought it is natural to define loading con
ditions in terms of increasing values of fs and am'. How
ever, there are some good reasons for relating the defi
nition of loading to the values of the strain increments 
ded and dey • As illustrated in Fig. 12, these values are 
either positive or negative depending on the direction of 
the effective stress path at agiven state of stress. Accord
ing to the selected definition, the moduli Md and Mg 
take loading values for dEd ;:;:: 0, whereas loading values 
of Mv and Mo apply for dEy ;:;:: O. 

When comparing Eqs. 6, 7, 9 and 10, we at onee 
reeognize the apparent similarity between the compres
sion modulus (Mk) and the bulk modulus (K), and be
tween the distortion modulus (Mg) and the shear modu
lus (G). 

However, the maximum shear stress Yz(al -0'3) ex
pressed in elasticity theory is traded with the degree of 
mobilized friction fs• This allows for concentrie lines of 
equal deviatoric strain in undrained shearing. The intro
duction of fs also makes it easy to eneounter the Mohr
Coulomb failure criterion. 

The Model Sand 
The tests referred to are all made on Model Sand, a 
medium to coarse sand. The building-in porosity ofthe 

0) 

b) 
-t(o;+o~) 

Fig. 12. Definition of loading related to the direction,of the 
strain increments. 
a) Md and Mg: loading when d€d ;::: 0 
b) Mo and Mk : loading when d€v;::: 0 

sampies was approximately 400/0, indicating a dense 
consistency. As an overall result of isotropically con
solidated drained tests (CID) and isotropically consoli
dated constant volume tests (CICV), all under triaxial 
compression, the Mohr-Coulomb strength parameters 
were estimated as follows: 

a = 20 kPa (attraction) 
sin<p = 0.61 (<p = 38°) 

It may seem surprising to some that non-zero attrac
tion or cohesion is specified for sand. However, the 
attraction is not consideted a physieal constant for the 
sand, valid under all possible stresses, inc1uding very 
small or even negative stresses. Rather the attraction is 
considered a convenient parameter chosen so as to best 
fit the test results over the stress range in eonsideration. 

Resistance to Shearing 
Under eonstant volume (dEv = 0), Eq. 10 reduces to 

dfs = Mgd€d ................................ (13) 

implying 

Mgsin<p === dsinpjd€d .......................... (14) 

The latter equation is suitable for the determination 
of Mg from test resuIts. Figure 13 summarizes the results 
of isotropieally consolidated, constant volume triaxial 
compression tests (CICV). 

In Fig. 13, the test results are divided into two groups 
depending on the magnitude of the consolidation stress 
0';. The consolidation stress appears to have no signi
fieant influence on Mg. This is consistent with a unique 
relation between mobilized frietion and deviatorie 
strain, implying also straight concentrie lines of equal 
deviatoric strain as illustrated in Fig. Wb. 
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Fig. 13. Distortion modulus Mg times sin<,O versus mobilized 
friction (sinp) from CICV-tests on Model Sand. 

The following formula was chosen to fit the test 
results: 

Mg = Mgh (1- fsfg ........................... (15) 

where Mgh 295 (value of Mg under hydrostatie 
stress) 
1.6 (exponent) 

Under unloading, the limited number oftests done so 
far have indieated Mg = Mgh regardless of stress state. 
This is a not very surprising finding, indicating some 
kind of elastic or quasi-elastie behaviour during loading 
conditions at near-hydrostatic stresses and during un
loading. 

Resistance to Compression 
The compression modulus M k is most conveniently 
determined from hydrostatic compression tests. For a 
soil deforming isotropically (dEd = 0), Eq. 9 reduces to 

dum' = Mkd€y ............................... (16) 
or 

Mk = dum' /d€y . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. (17). 

Once the dilatancy modulus Md is determined, Mk 
mayaiso be estimated from the relation 

dum' Md 
M k=- - --......................... (18) 

dEv dEv/dEd 
whieh is a reformulation of Bq. 9. 

Unless the ratio d€v/dEd is small ( « 1), the last term 
of Eq. 18 is likely to be much smaller than the first one. 
When comparing Mk with the elastic bulk modulus K, 
one might perhaps say that Mk is a quasi-elastic bulk 
modulus corrected for dilatancy. 

In Fig. 14, both of the above relations were used to cal
culate Mk; the latter equation applied to strain con
trolled tests run under various ratios of dEv/dEd' The 
rather moderate scatter in the results is comforting, espe
cially since stress paths elose to failure are also ineluded 
among the tests. In such tests, small values of dEv/dEd 
appeared, implying significant dilatancy. The results 

justify the determination of Mk from hydrostatic com
pression tests alone. 

The test resuIts presented are fitted by the formula 

Mk~mkPa [um~:aJCk ...................... (19) 

180 (compression modulus number) 
0.7 (exponent) 
20 kPa (attraction) 
100 kPa (reference stress) 

The above formula for Mk is similar to the formula 
for the constrained modulus suggested by J anbu, cfr. 
Eq. 1. 

The form of Eq. 19 applies to unloading as weIl. The 
plot of Mk-values of unloading tests fitted very weH to a 
straight line (Mk "" 220, Ck "" 1). 

Note that Mk depends on um' only, whereas Mg 
appears to be a function of fs only. This feature is in fact 
the key point in describing soil behaviour in terms of 
stress and strain functions such as fs' um', Ed and Ey • 

The parameters Mg and Mk are the two most impor
tant of the suggested soil model. The observed depend
ency of these moduli on fs and um' supports the simple 
soil deformation concept illustrated in Fig. Wb. 

The remaining two parameters Mo and Md are neces
sary in order to overcome some of the oversimplifie
ations of the simple deformation concept just referred 
to. The dilatancy modulus Md naturally accounts for 
dilatancy while the parameter Mo allows for deviatorie 
strains taking place for instance under Ko-consoli
dation. 

Dilatancy 
The isotropie, linear elasticity theory suggests that the 
mean stress um' is independent of the deviatorie strain Ed 

" n. 
:::!' 

100r-----~r_-----,-----_, 

• '5=0. 7t .. sts 
+ 15>0.14 t .. sts 

- m k = 160. Ck = 0.7 

200 400 600 

ur:, . kPa 

Fig. 14. Compression modulus (Mk) versus mean stress (efrr:) 
from strain-ratio controlled triaxial compression 
tests on Model Sand. 
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Fig. 15. Mean stress versus deviatoric strain of a CI CV-test on 
Model Sand under Ioading and unloading. 

for loading under constant volume (d€y = 0). Due to 
dilatancy this is as a general rule not true for soils. Cer
tainly it is not true for the Model Sand as Fig. 15 demon
strates. 

The dilatancy modulus Md is most conveniently 
determined from constant volume tests for which Eq. 9 
reduces to 

dam' "" Mdd€d . . . . . . . . . . . . . . . . . . . . . . .. . . . . . .. (20) 

or 

Md zzzdO"m' /d€d .............................. (21) 

Figure 16 shows the results of a number of constant 
volume triaxial compression (CICV) tests. Different 
symbols refer to high and lowvalues of the consolidation 
stress O"d. The results seem fairly insensitive to mean 
stress. The scatter of the test results under moderate and 
low mobilized frietion must be considered in view ofthe 
difficult testing conditions, i.e. keeping the volume pre
cisely constant during the shearing of a dense sand. 

One may question the appropriateness of fitting the 
results by a straight line as indicated. However, it should 
be emphasized that the magnitude of Md is not very 
important until the mobilized friction becomes high and 
signifieant shear strain takes place. 

It is suggested to put Md = ° for hydrostatie stresses, 
whieh is a requirement for isotropie behaviour under 
hydrostatic stresses. Without going into detail at this 
point, this is suggested forseveral reaSOnS. 

The modulus Md has also been determined from 
drained triaxial compression tests (CID) in which the 
radial stress (0"3) has been kept constant during shear
ing. At near-failure stresses, the sampies yielded under 
nearly constant stress, i.e. dO"m' "'" 0, for which Eq. 9 may 
be rewritten as follows: 

Md"'" Mkd6y/d€d ............................ (22) 

The results of five CID-tests thus interpreted are 
shown in Fig. 17. 

Clearly, the results reveal Md depending On mean 
stress. Thus Md does not seem to be unique under all 
modes of loading. 

12,----------,-----------,----------, 

• o~ (; 100 kPa. 5 tests 

+ o' > 100 kPa. 3 tpsts c . 

." 

~ 

+ 
+ 

~-s.s 
_4L-________ ~ __ _J~ ____ ~ __________ ~ 

o 0.2 0.4 0.6 

slnp 

Fig. 16. Dilatancy modulus (Md) versus mobilized friction 
(sinp) from CICV~tests on Model Sand. 

Based On all tests, Md appears to depend On both fs 
and O"m'. The following formula is suggested for the 
Model Sand: 

with thc following parameter values: 

md 36 (dilatancy modulus number) 
Cdf 1 (exponent) 
Cd 0.7 (exponent) 
a 20 kPa (attraction) 
Pa 100 kPa (reference stress) 

Except the fs-term, the formulas for Mk and Md are 
similar. 

30.--------.--------,--------. 

o 5 eiD-tests 
13] CICV-tests 

md =36. Cdf = 1, Cd = 0.7 

20 o 

o 

o 

OL-______ -L ________ L-______ ~ 

o 200 400 600 

cr,,; . kPa 

Fig. 17. DiIatancy modulU$ (Md) at near-failure stresses from 
CID- and CICV-tests on Model Sand. 
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Noteworthy, the values of the exponents Cd and Ck 
are found equal, resulting in a ratio Md!Mk not depend
ing on the mean stress urr/.. 

The seatter of the test results and the apparent lack of 
uniqueness of Md may seem uneomfortable. However, 
it should be kept in mind that many soi! models in use 
today simply disregard dilatancy. In that respect even a 
rough estimate of Md is a step forwards. 

Noteworthy also is that Md was non-zero during un
loading; the value of Md was even larger than during 
loading. The tests on Model Sand indicated a linear rela
!ion between Md and urr/. with the following parameters 
referring to Eq. 23: md ;0: 200, Cdf = 0 and Cd = 1. 

The Parameter Mo 
As pointed out earlier, the fourth parameter Mo is 
needed for instance to allow for deviatoric strain taking 
place during compression under eonstant mobilized 
friction. The appropriate interpretation formula is 
derived from Eq. 10: 

. Mgsinlf'-dsinp/d€d 
Mosmp .................. (24) 

d€v!d€d 

The interpretation is greatly simplified for constant 
mobilized frktion conditions. Then dsinp "'" 0 leads to 

Mosinp .. Mgsinlf' ........................... (25) 
dEy/dEd 

Figure 11 showed the stress paths of a number of strain 
controlled triaxial compression tests. In each test the 
ratio dEy/d€d was kept constant. The Ko-eonsolidation, 
under which dEy/dEd "" 1, is one such test. As expected 
from the experience with Ko-tests, all stress paths in Fig. 
11 tend to approach straight lines of constant mobilized 
friction. The actually mobilized frktion in each test is a 
result of the strain increment mtio dEv!d€d applied. 

Figure 18 shows test resuIts ofModel Sand. A constant 
Mo = 38 is the best estimate based on all results avail-

0. 
e: 

'iij 

o 

60 

40 

:::E 20 

• 6 tests adjusted for false 
deformations duri ng ;:;ompression 

o 8 othE'f tE'sts 

- Mo = 38 

o o 

O~~----~---------L------~ 
o 0.2 0.4 0.6 

sinp 

Fig. 18. Parameter Mo times mobilized friction (sinp) versus 
mobilized friction from triaxial compression tests on 
Model Sand, run under various strain increment 
ratios. 
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able. Considerable scatter of the results is caused by 
problems in keeping the ratio dEy/d€d eonstant during 
testing, mostly owing to false deformations in the tri
axial apparatus. This problem is overcome in some ofthe 
tests in which the false deformations were aeeounted for 
during eompression. Thlis results marked with black 
dots in the figure should be given most consideration. 
The improved testing procedure appears to reduce the 
scatter of the results. 

The leeturer assurnes that a constant value of Mo is 
aeeurate enough for most applieations of the model. 
Thus it should not be neeessary to run tests under 
various ratios dEv!d€d in order to determine Mo; Ko-tests 
will suffice. 

Finally, some unloading tests have been performed 
under eonstant mobilized frietion. Practically no shear 
deformation took place under unloading, indicating 
Mo 0 aeeording to the interpretation formula (Eq. 
25). 

Prediction 0/ Results /rom Triaxial Tests 
Sinee triaxial tests have been interpreted to estimate all 
moduli and parameters of the model, the use of the 
model to predict the behaviour in the same tests may 
hardly be considered true predictions. Nevertheless, it 
may be interesting to use the model to backealculate one 
or two stress paths to see exactly what they look like. 

Figure 19 presents the test results and predietions of 
Ko- and CICV-tests. As expeeted, the agreement is rea
sonable. 

MODEL EXTENDED TO THREE DIMENSIONS 

The model presented so far has been restrkted to axi
symmetrical stresses where two ofthe principal stresses 
are equal. The inclusion of the intermediate principal 
stress U2 calls for a third stress funetion in addition to 
the mean stress urr/. and the degree of mobilized friction 
fs• The third stress funetion defines the relative magni
tude of the intermediate principal stress; 

U2 -U3' 
b ... -,-, ................................. (26) 

UI -U3 

Correspondingly, the state of strain must be described 
in terms of all three principal strains or three functions 
thereof. The volumetrie and deviatoric strains Ey and Ed 

Ed13) are already defined. In addition comes another 
deviatoric strain eomponent defined by 

Ed23 €2-€3·· .......... ·· ... ············.·. (27) 

Figure 20 defines mobiIized frktion and deviatoric 
strains in Mohr diagrams. 

In the previous seetion, the degree of mobilized frk
tion fs on the plane of most mobilized frktion was 
linked together with the largest deviatoric strain Ed' 
When linking together one of the minor deviatoric 
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Fig. 19. Test results and predicted (back-calculated) effective stress paths of Ko-consolidation tests and CICV-tests. 

strains Ed23 and the corresponding degree of mobilized 
friction fs23 "" bfs' one gets 

d(bfs) "" - bfsModEv + Mgd€d23 ................. (28) 

Recalling also Eqs. 9 and 10, one can write the con
stitutive relation for independent principal stresses and 
restricted to fixed principal stress directions as: 

d[urn' fs bfs]T = M d[Ey Ed13 Ed23]T ••••••••••••••• (29) 

in which the matrix 

M = [ _ ~~o ~: ~ ] ••••••.••••••••• (30) 

-bfsMo 0 Mg 

Equation 29 is a relation between the increments of 
the principal stress and strain functions. It may be trans-
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formed into the following relation between the incre
ments of the principal stresses and strains: 

d[u{ U2 u3]T T,,-IMT€d[EI E2E3]T ............. (31) 

where the transformation matrices T" -I and T € are given 
in Appendix. 

Now let us look a bit further into the model. No 
additional modulus or soil parameter has been added 
when extending the model to include three independent 
principal stresses. Thus triaxial compression tests are in 
the principle still sufficient for the determination of all 
parameters. 

As the model has not been tested under stress condi
tions for which u{ differs from U3', further testing will 
h-ave to decide to what extent the parameters are unique. 

The model uses the Mohr-Coulomb friction angle as 
a parameter. Atleast the moderate lack of uniqueness of 



__ -- (I-b)sinp (!!:sinP1} 
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a) 
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b} 
Fig. 20. Definitions of a) mobilized friction and b) deviatoric 

strains. 

the frietion angle must have influence on the uniqueness 
of the model. 

One comforting aspect is, however, the way in whieh 
the intermediate prineipal streS$ and strain appear in the 
model. The Equations 10 and 28 are both derived from 
the following more general eq1ilation relating an incre
ment of the degree of mobilized frietion to increments 
of volumetrie and deviatoric strains: 

d fSij "" - fsijMod€v + Mgd€dij .................. " (32) 

where 

fSij Sinpij "" _1_ ............. (33) 
sinip sinip Yz(a{ + a{)+a 

€dij===€i-€j ................................. (34) 

and i, j === 1, 2 or 2, 3 or 1, 3 

as illustrated in Fig. 20. Subst1tuting of fsl3 with fs for 
simplieity, and since fs23 :::: bfs, Eqs. 10 and 28 are seen 
to be both deduced from Eq. 32. One basie principle thus 
relates increments of mobilized frietion and deviatoric 
strain. No additional concept is needed to include the 
intermediate prineipal stress artd strain increments. 

In Eq. 9, only the largest deviatorie strain component 
Ed ( === Ed13) is involved. It may therefore seem like not all 
components of deviatoric strain affect dilatancy in the 
same manner. This is, however, not true as Eq. 9 may be 
rewritten into: 

dam' = Mkdfv + YzMd (dEd12 +dE,1I23 +dEd13) ....... (35) 

recalling that Ed13 Ed12 + Ed23 (cfr. Fig. 20b). 
In view ofEq. 31, one might ask why not define a rela

tion between increments of principal stresses and strains 
in the first place. However, each modulus or coefficient 

in the composite matrix T,,-lMT, is an extremely invol
ved function of the state of stress. Equation 29, on the 
other hand, relates increments of functions of stresses 
and strains reflecting basic aspects of soil behaviour. 
Therefore the parameters involved may readily be estim
ated from conventional tri axial tests. 

GENERAL MODEL 

So far fixed principal stress directions have been as
sumed, implying also prineipal directions of strain coin
eiding with those of stress. In the general case, the prin
eipal directions of stress rotate and the principal direc
tions of stress and strain no longer coineide. Nor need 
the prineipal directions of the stress and strain incre
ments coincide. Altogether there are four sets of prin
eipal directions involved, and none of them need coin
eide. 

Although the present model does not separate 
deformation expUeitly into elastie and plastic compo
nents, the model is basieally resting on plasticity con
cepts. The lines of equal mobilized friction in the Mohr 
diagram are comparable with yield surfaces in plastieity 
theory. From the test results presented as weIl as through 
the experience summarized above, we know that the 
distortion modulus Mg willlikely decrease to zero as the 
mobilized friction increases until failure. However, once 
loading is reversed, Mg suddenly increases to roughly 
Mgh, which is the value of Mg at hydrostatie stress. 

As in plastieitytheory, stress changes should be separ
ated into loading, neutral stress changes and rebound. 

The general model separates an incremental stress 
change into incremental changes of the prineipal stres
ses and rotation of the prineipal stress directions. In 
order to da so a local coordinate system is defined with 
axes a, ß and 'Y coineiding with the instantaneous direc
tions of al', a2 and a3'· 

The stress functions are then written 

am' = YJ (ad + aß + a;) (= stress invariant) ....... (36) 

f = _1_ Yz(a ' -a') 
s. Oi 'Y •••••••••••••••••••• (37) 

b 

Slllip Yz(ad+a;)+a 

aß -a; 

ad -u; 
................................ (38) 

where ip still is the Mohr-Coulomb frietion angle and 
a c/tanip is the attraction. 

Furthermore, the strain functions are written 

Ev "" EOi + Eß + EI' ( "" strain invariant) ............. (39) 

€dOil' === EOi -EI' ................................ (40) 

€dß-y""'€ß-EI' •••••••••••••••••••••••••••••••• (41) 

Note that €Oi' Eß and €-y are in general no longer prin
eipal strains; rather they are normal strains in the direc
tions of the principal stresses. It may on first thought 
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seem puzzling that the deviatoric strains Eda'Y and Edß'Y 
are not necessarily differences between principal strains. 
This causes however no great problem as the soH model 
is an incremental one. The total accumulated strains at 
one instant of time do not neeessarily affect the further 
straining. 

Now, the part of the model eoneerning ehanges of the 
principal stresses may be written 

d[um' fs bfs]T = Md[Ev Ed",'Y Edß'Y]T ............... (42) 

or in terms of the principal stress and strain inerements 

d[u", uß u'Y] "'" TU-1MT€d[€", €ß €'Y]T ..••••..•...... (43) 

where M is still given by Eq. 30 and Tu-I and T~ are given 
in Appendix. 

Finally, rotation of the principal stress direetions is 
governed by 

dTij = Gd'Yij ................................ (44) 

where i, j "" a, ß, 'Y and i '* j. 
The parameter G is a quasi-elastic shear modulus. A 

diseussion on G will follow shortly. 
Now, Eqs. 43 and 44 lead to the following ineremental 

relationship : 

d[u", uß u'Y T"'ß Tß'Y T'Y",]T "" C d[€", €ß €'Y 'Y"'ß 'Yß'Y 'Y'Y",]T . (45) 

where C is a 9 by 9 matrix; 

C"" [Tu-1MT€ 0 ] o GI ...................... (46) 

in which I is a 3 by 3 unit matrix. 
In the local axis system a, ß, 'Y all shear stresses vanish. 

However, for an axis system fixed with respect to deriv
ation, non-vanishing shear stress inerements dT"'ßetc. 
may appear along with rotation of the principal stress 
direetions. 

Knowing that G is associated with neutral stress 
ehanges, it should be fair to hypothesize that this 
modulus does not depend on the mobilized friction. 
Requiring also isotropy under hydrostatic stresses one 
finds the following relation: 

G=Mghsin!p(um' +a) ......................... (47) 

where Mgh is the value of Mg under hydrostatie stress. 
When using this relation, 11.0 additional test must be run 
in order to determine G. 

However, G may also be determined from tests in 
which rotation of the principal stress directions takes 
place. Figure 21 presents the results of three simple shear 
tests on Model Sand. At the start of shearing, the shear 
stress imposed is perpendieular to the major principal 
stress direetion. Henee Eq. 44 may be used for inter
pretation. There is a significant seatter in the test results, 
partly beeause of problems with preparing sampies with 
the same density as of the triaxial sampies, and partly 
because of sourees of error associated with the small 
strains appearing at the start of shearing. The laboratory 
tests result in an average modulus G of 27 MPa, whereas 
Eq. 47 prediets G 32 MPa based on the triaxial com
pression tests. In the opinion of the leeturer the result is 
encouraging and supporting the adequacy of Eq. 47. 

CAPABILITY AND LIMITATIONS 
OF THE MODEL 

A general incremental stress-strain relation was pre
sented above. 

The model is defined in a loeal eoordinate system with 
axes eoinciding with the principal stress direetions. In 
order to solve general boundary value problems the 
model inc1uding stresses and strains must be trans
formed into aglobai eoordinate system. Appropriate 
transformation rules are given in several textbooks and 
handbooks, e.g. (22). 

Five independent parameters or soH moduli together 
with the Mohr-Coulomb failure parameters a and !p are 
inc1uded in the model. 

Based on available test results, it is believed that eaeh 
modulus may be determined with reasonable aeeuracy 
as a fairly simple function of the mean stress um' and the 
degree ofmobilized friction fs• or as a funetion ofboth. 
Each modulus may be estimated from different tests. In 

50,------,------, 50,-----,------,· 50,-----,------, 
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Fig. 21. Results of simple shear tests on Model Sand at the start of shearing under vertical stress u; = 300 kPa 
(by the Norwegian Geotechnical Institute). 
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principle, Ko-triaxial eonsolidation tests and eonsolid
ated undrained triaxial eompression tests (CIU) will suf
fiee. However, beeause of the eomplexity involved in 
modelling real soil behaviour in exaet terms, it is weIl 
advised to determine eaeh modulus as an average result 
of a number of tests made under stress eonditions simi
lar to those of greatest interest. This also goes for the 
Mohr-Coulomb strength parameters. 

The potential of the model itself to deseribe material 
behaviour is great. As long as the moduli are earefully 
determined from appropriate tests, the behaviour pre
dicted by the model is expeeted to be realistie. However, 
it is also possible to assign values to the moduli so that 
the model will deseribe unreaJistie behaviOlif eontra
dieting the laws of thermodynamies. For instanee, if too 
high value of the dilatancy modulus Md is applied, the 
material will expand so as to elieate work during shear
ing. 

The model ean to some extent deseribe inherent 
anisotropy, i.e. anisotropy under hydrostatie stresses. It 
is, however, not designed for thi$ purpose and it is reeom
mended to restriet the moduli to values that excIude 
inherent anisotropy. This will greatly simplifytesting for 
evaluation of the moduli as welJI as simplify applieation 
of the model. Moreover, the hazard of deseribing un
realistie behaviour is greatly redueed. 

Stress anisotropy is, howeveli, an integral part of the 
model; appearing soon as stresses deviate from hydro
statie eonditions. However, the principal stress diree
tions are always axes of symmetry with respeet to the 
deformation behaviour. 

Questions of uniqueness, stability and physieal 
requirements to the moduli have been diseussed in some 
detail in Ref. 32. Presently, a few lines shall be spent on 
eomparison of the model with elastieity and plasticity 
theories. 

As pointed out already, the model was primarily 
designed to deseribe soils behaving isotropieally under 
hydrostatie stresses. In order to obtain this, restrictions 
must be imposed on the values of the shear modulus G 
and the dilatancy modulus Md' First, Eq. 47 must be 
valid, thus relating G to the distortion modulus Mg. 
Seeondly, Md must be zero. Still eonsidering hydrostatie 
stresses, the model reduees to 

dum' "" Mkd€v . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. (48) 

dT=Gd-y .................................. (49) 

The term quasi-elastie refers to the stress dependeney 
of Mk and G appearing in an ineremental stress-strain 
relation, whereas with the isotropie, linear-elastic beha
viour defined in Eqs. 6 and 7 the moduli K and Gare eon
stants. 

For an isotropie, linear-elastie material, the principal 
direetions of stress and strain aIways eoineide. For the 
isotropie, quasi-elastic material only the principal diree
tions of the stress and strain inerements need eoincide. 
Although Eqs. 48 and 49 defining quasi-elastie behavi
our are very similar to Eqs. 6 and 7 defining isotropie, 

linear-elastie behaviour, it is emphasized that the quasi
elastic behaviour is not truly elastie. For instanee, during 
loading from one stress state to another, the resulting 
strains do not only depend on the total stress change, as 
the stress path between the two stress states also matters. 
Furthermore, during a cIosed loop of loading the quasi
elastic material does not neeessarily reeover to the ori
ginal shape. In spite of these diserepancies it should be 
fair to eonsider quasi-elastie behaviour as basically 
elastie. 

Broadly speaking, the soil model presented deseribes 
elastie or quasi-elastic behaviour under hydrostatie and 
near-hydrostatic stresses. As loading takes plaee under 
inereasing mobilized frietion, the distortion modulus 
Mg, Le. the resistanee to shearing deformation de
ereases. Yielding or plastic deformation of the soil then 
gradually takes over. Contrary to elasticity theory, the 
direetions of yield are essentially governed by the diree
tions of the principal stresses rather than by the diree
tions of the inerements thereof. Near failure a small 
inerease of the mobilized frietion will eause large defor
mation in the direetion of the major prineipal stress. 

As in isotropie, elasto-plastic theory, rotation of the 
principal stress direetions is eonsidered a neutral mode 
of loading. Rotation of the principal stress direetions is 
governed by the quasi-elastie shear modulus G. 

During unloading of an elasto-plastic material, the 
behaviour is governed by the elastic parameters. This 
eompares weIl with the behaviour deseribed by the soil 
model presented when different values of the moduli are 
used for loading and unloading eonditions; the values 
for unloading eonditions refleets the quasi-elastie 
nature of the soil. 

Figure 22 illustrates some of the differenees between 
isotropie, linear-elastie and isotropie, plastic behaviour. 
The soil model presented may eombine both by using 
proper values of the moduli. The elastie behaviour 
dominates at near-hydrostatic stresses, during neutral 
stress ehanges and unloading, and the plastic behaviour 
gradually beeomes more important as loading towards 
failure takes plaee. Although the model is written in 
terms similar to those of elasticity theory, the resulting 
behaviour is best eompared with elasto-plastic theory. 

SUMMARY AND CONCLUSIONS 

The first part of the leeture diseusses faetors affeeting 
soil behaviour. It is emphasized that the effeetive stress 
principle is fundamental to soil modelling, and that the 
Mohr-Coulomb failure eriterion is reasonably accurate 
for soils not inherently anisotropie. 

The main goal of this leeture has been to present a new 
soil behaviour model. The model is deflned in terms of 
mean effeetive stress, mobilized Mohr-Coulomb fric-
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materials under various modes of loading. 

tion and volumetrie and deviatoric strains. Five inde
pendent soH parameters or resistance moduli are in
cluded in the model; all of whieh may be evaluated from 
conventional triaxial tests. 

The model applies to inherently isotropie soH. Stress
induced anisotropy is however accounted for. One of the 
moduli allows for dHatancy to be dealt with. 

The behaviour described by the model is elasto
plastic. Under hydrostatic stresses, the values of the 
moduli may be chosen $0 that the behaviour described 
is isotropie, quasi-elastic. As loading takes place with 
increasing mobilized Mohr-Coulomb frietion, the plas
tie nature of the behaviour gradually becomes domi
nant. 
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The model is general ia as far as rotation of the prin
cipal stress directions is allowed for; the model is thus 
applicable for solving of complex boundary value pro
blems. 

The asset of the model presell1ted is, in the opinion of 
the lecturer, the resistance modulus concept. Each of the 
five moduli has a particular meaning related to the 
nature of soH behaviour. While some other modulus 
concepts are too limited in their application, e.g. re
stricted to fixed principal stress directions, the present 
model is rather general. MoreQIVer, the plastic nature of 
soH behaviour is accounted for. 
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Appendix 

TRANSFORMATION OF STRESS 'AND 
STRAIN INCREMENTS 

Equations 4,5 and 27, relating volumetrie and deviatorie 
strains to principal strains, may be rephraeed as folIows: 

[€y €dl3 €d23]T = Te[EI €2 €3]T •••••.••••.•••.•••. (A-I) 

in which 

I IJ o -1 

1 -1 

..................... (A-2) 

Equation (A-l) is valid for strain inerements also, 
henee 

d[fy €d13 €d23]T = Te d[el €2 €3]T •••.•••••••••••• (A-3) 

The following relationship holds between inerements 
of stress funetions and inerements of principal stresses: 

d[um' fs bfs]T T.,.d[uI' u{ unT 
•••••••••••••• (A-4) 

Still, un: is the mean effeetive stress, fs is the degree of 
mobilized friction (Mohr-Coulomb) defined in Eq. 11 

and b is the relative magnitude of the intermediate prin
cipal stress defined in Eq. 26. 

The matrix T.,. is given by 

6u;sincp 

[ 

2u; sincp 2u; sincp 

3(1 - fssincp) 0 

-3bfssincp 3 

2u;sincp J 
-3(1+fssincp) .... (A-5) 

- 3(1 + bfssincp) 

in which the following abbreviation is used: 

u;""Y2(u{+u3')+a ......................... (A-6) 

or in terms of stress funetions 

3(um' +a) 
u5' 3 _ (1 _ 2b )fssincp . . . . . .. . . . . .. . . . . . .. . . .. (A-7) 

When inserting Eqs. (A-3) and (A-4) into Eq. 29, Eq. 
31 is arrived at. In the latter equation, whieh is a relation 
between inerements of principal stresses and strains, 
T.,.-I is the inverse of T.,.; 

[ 

3(1 +fssincp) 2(2 + bfssincp)u;sincp - 2(1 + fSSincp)U;SinCPJ 

3[1-(1-2b)fssincp] -2u;sincp . 4u;sincp 

3(1- fssincp) - 2(1 + bfssincp )u; sincp - 2(1- fssincp )u; sincp 

....... (A-8) 

So far, eoinciding, fixed prineipal stress and strain 
direetions have been eonsidered. In a general ease not 
restrieted to a particular type of loading, the principal 
direetions of stresses and strains and inerements thereof 
need not eoincide. However, in Ref. 32 it is argued that 

all equations given above are still valid when the labels 
1, 2 and 3 are substituted with a, ß and 'Y denoting the 
eurrent principal stress direetions. Henee Eq. 43 i8 
arrived at. 




