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INTRODUCTION

It is now (1977) about ten years ago since the appearance
in the geotechnical engineering literature of the first
papers which applied modern numerical methods pro-
grammed for the computer to analyse non-linear stress-
deformation problems in soil mechanics (16, 34, 39).
Prior to that the theory of linear elasticity had been
used on several occasions to compute stresses and strains
for simple boundary value problems, and for instance
the Proceedings of the 2nd International Conference on
Soil Mechanics and Foundation Engineering held in
1945, contains a great number of such interesting and
valuable contributions. However, it was not until the
finite difference and finite element methods were applied
that non-linearity, inhomogenity and arbitrary boundary
conditions could be handled. The paper by Clough and
Woodward (1967) was a big step taken at ane time
because it showed how to compute the non -linear accu-
mulation of deformations and stresses in a dam body
as the embankment was constructed in· layers (i.e. moving
boundary). While the soil stress-strain model used was a
very simplified one, their contribution clearly pointed
out that the geotechnical engineer had a new and power-
ful tool at his disposal. Tt opened up the possibility for
a developmen.t of "modern soil mechanics" in which
there would be less emphasis on limiting equilibrium
mechanics and the use of "factors of safety", and much
more on deformations, deformation patterns, local yield-
ing, and rate of shear deformations.

Since 1967 an impressive number of papers applying
finite element stress-deformation analyses have appeared.
In the early years rigour in the postulated constitutive
models for soil behaviour was largely lacking, as the
emphasis was placed on considering different boundary
conditions, construction sequences, and soil-structure
interaction situations that up until then could not have
been studied by available theoretical analyses. The
versatile finite element method quickly reached a very

high level of sophistication and further progress in
expanding analytical capabilities in geotechnical engi-
neering depended upon the formulation of mathematic-
ally consistent, realistic constitutive relationships.

This lecture focuses on describing and evaluating the
mathematical stress-strain-strength models which have
been developed and are being used for deformation com-
putations in geotechnical engineering. Empirical and
semi-empirical methods for computing deformations will
not be treated, although some of them may, for given
situations, give better predictions than any presently
available analytical procedures.

Some comments will first be made concerning (1) the
definition and use of safety factors and how deformation
and safety factor criteria are tied together in practice,
and (2) the need for improved deformation analyses for
many situations where limiting equilibrium considerations
just cannot give sufficient information for a rational
design.

DEFINITION AND USE OF SAFETY FACTORS

Attempts have been made to correlate computed magni-
tudes of safety factors for given practical situations with
the shear deformations that might occur in· the soil mass.
Clearly, generally valid relationships cannot be formul-
ated, but for specific structures and situations the idea
is appealing (IS, 66). In connection with earthquake
excitations, computations of accumulated deformations
during the shaking are essential, and these may be
expressed in terms of the computed static factor of
safety (Newmark, 1965).

However, "safety factors" in geotechnical engineering
are defined and used in different ways depending on the
situation considered and to some exten.t on local trad-
ition. Terms like total safety factor, partial safety factor,
degree of strength mobilization, and material coefficient
are being used, quite often denoted by the same symbol,
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without defining how they were introduced in the design
analysis. At first glance the matter may seem trivial, but
as we in. soil mechanics perform stability analyses both
in terms of total and effective stresses, an uncritical
comparison of numerical values for computed safety
factors may be very misleading (41).

Figure 1 presents the case of a strip footing on the
surface of a cohesion less, dry sand deposit. The same
familiar formula for bearing capacity is used in both
analyses, but the safety factors Fe and Fil are introduced
and computed differently. Except at the value of I, the
"factor of safety" defined as the bearing capacity divided
by the applied load, is much Jarger numerically than the
corresponding inverse of "degree of strength mobiliza-
tion" factor used in the other approach. For a given
applied load, the margin of safety or probability of
failure is the same regardless of the engineer's definition
of safety factor, although the numerical values for the
factors as computed are very different.
The illustration above is particularly straightforward

as the effective and total stress paths for elements in the
dry sand are identical. Consider next the same strip
loading situation on a saturated, homogeneous clay
deposit. The factor of safety for an undrained load
application is to be computed. Traditionally, such a
situation has been analyzed by means of a so-called
"q¡ = O" total stress stability analysis, which requires
estimates of the undrain.ed shear strength at points along
the potential failure surface. For a strip loading, plane
strain compression and extension tests should be per-
formed on representative soil samples, however, in prac-
tice suitably adjusted shear strength values from triaxial
tests may be used.

Although so far rarely done. the undrained bearing
capacity of a footing may also be evaluated by an
effective stress stability analysis. The strength parameters
(c', cp') are de.termined by plane strain or triaxial testing
as shown in Fig. 2. The shear strength for a soil element
along the potential failure surface is:

where 1,ff

Off

TIf=C'+(Off-llr)tan q¡' (Eq. 1)

shear stress on failure plane at failure
normal total stress on failure plane at
failure
pore pressure at failure

If, in the effective stress stability analysis for the foot-
ing the pore pressure used is the one at failure, the factor
of safety computed by the total stress- and effective
stress analyses may be directly compared. However, this
value of the pore pressure is not the one used in effective
stress stability analyses as they traditionally are per-
formed (4, 7).

For drained loading situations, when no excess pore
pressures develop during shearing, the "presently exist-
ing" pore pressures are used in stability analyses. For
undrained loading situations, the presently existing pore
pressures have also been used when evaluating stability.
That may well be a very practical procedure to follow
and to relate to previous experience, however, unless the
pore pressure at failure is put into, Eq. 1, the safety
factors from total stress- and effective stress stability
analyses will. in general not be equal. They are equal
only if there is zero additional change in pore pressure
as shear failure is approaching (Fig. 2). In all other cases
the factors will be different, and the difference between
them depends on the excess pore pressure changes, nega-
tive or positive.
These dissimilarities in the definitions and use of

safety factors must be kept in mind in general, and
particularly if correlations are being made with magni-
tude of computed safety factor and likely accompanying
shear deformations for a given situation.

...
\

NEED FOR DEFORMATION COMPUTATIONS

In practice, after a design has been insured to, theoretic-
ally have the required minimum factor of safety against
instability (ultimate limit state), the design is checked to
examine whether the displacements and probable dif-
ferential distortions are acceptable (serviceability limit
state). For cases in which repetitive loading takes place,
the build-up in pore water pressure and any 1005S of shear
strength during cyclin.g must be studied. Furthermore,
progressive type failures may occur in some situations,
and special precautions are then required. Such failure
mechanisms may be caused by the soil behaviour (e.g.
brittle, quick clay) or by the nature of the structural
system used (e.g. internally braced cuts or externally
anchored walls for deep excavations),

SHEAR
STRESS

/" Further undrained loading
I

- - - \1 Present stress condition
after some load is applied

In- situ effective stress
condition prior to loading

NORMAL EFFECTIVE STRESS

Fig. 2. Excess [lore water pressure developed during un-
drained shearing.
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In many cases, limiting equilibrium considerations
either of the Coulomb failure-body type or Rankine
failure-element type, are just not sufficient or relevant.
Deformation analyses in such situations are of primary
importance and strain compatibility considerations man-
datory. A few examples are cited and illustrated below.

Figure 3 shows the situation of a buried culvert, and
live loads are imposed on the ground surface (30, 38).
This is an excellent illustration of true soil-structure
interaction. The culvert could not possibly take the given
imposed loads if it were not soil-supported, and on the
other hand, an unlined tunnel could not have stayed
open. However, the soil-structure system is amazingly
load resistant. Merely an estimate of the magnitude of
the maximum soil contact stresses on the culvert is rela-
tivel.y uninteresting as it is the distri bution of stresses
and the resulting bending moments in the lining that will

govern the design. This requires a stress-deformation
analysis of the soil-structure system, and compatibility
of strains on the soil-structure interface must be insured.
Alternatively, some slippage along the interface may
occur in the tangential direction while deformational
compatibility is maintained in the radial direction.

Similar soil-structure interaction and deformation con-
siderations are required to determine pile head move-
ments and pile bending moments for laterally loaded
pile groups. For an offshore piled platform such com-
putations are essential when analyzing the jacket-pile
interaction (Fig. 4).

Consider next the case of an earth- and rock-fill dam
which is to be designed with an impervious, upstream
concrete or asphalt membrane. It is sometimes required
that the membrane should be constructed on the up-
stream face simultan.eously with the build-up of the dam
body so the filling of the reservoir may, for economical
reasons, start immediately. The design criteria for the
membrane and the location and size of expansion and
contraction joints, are governed by the magnitude and
pattern of deformations on the upstream face of the
embankment. These deformations arise due to the own
weight and saturation of the embankment material, and
the water pressure from the filling of the reservoir. The
deformations, as well as the cracking potential in the
interior of the dam, can only be studied by considering
the construction procedures, the abutment boundary
conditions, and realistic stress-strain models for the soil
materials in the different zones of the embankment
(Figs 5, 6).
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Fig.4. Jacket-pile interaction for offshore platforms
(Refr. 53).

For situations where the duration of the load applic-
ation is very short, but repetitive, a computed factor of
safety when the peak load is acting, does not give much
information about the performance of the system. The
information required is the amount of permanent and
recoverable deformation that may occur as a result of
the single impulse load, or be accumulated during a
train of short-duration loads, for instance earthquake or
ocean wave loading (Newmark, 1965). For machine
foundations it is the problem of resonance and dynamic
amplification during cyclic loading that may be of con-
cern, and the soil stiffness and foundation compliance
must be computed.

Gravity platforms (Fig. 7) installed in the North Sea
have so far been required to have a specified minimum
factor of safety against foundation instability for the
100-year wave acting at the end of the 100-year storm,
which by then has fatigued the foundation soil due to
all the preceding smaller waves (2). The strength reduc-
tion in the foundation is computed as a function of the

magnitude of the cyclic foundation strains that have
occurred. In addition to the evaluation of this safety
factor, the dynamic wave-structure-foundation inter-
action is analyzed to examine the performance of the
platform, the effects on oil conductors, risers and equip-
ment, and the fatigue life of structural. components. The
soil deformations, which impose loads on the oil wells
under the platform, consist of many components:

(i) undrained settlements after platform seating on the
ocean floor;

(ii) consolidation settlements due to drainage;
(iii) cyclic swaying and rocking during storm periods:
(iv) additional undrained settlements (shake-down) dur-

ing storm periods;
(v) subsequent consolidation settlements due to pore

pressure build-up during storms;
(vi) creep deformations.

If, in addition to the cyclic lateral loads, there is a
permanent lateral load, there would also be an accumul-
ation of lateral dispJacements during storm periods. This
is for instance the case for a storm surge barrier (dike)
where there is a net tidal water force on the barrier
(Christian and Audibert, 1976).

As a final illustration of the need for deformation
computations in geotechnical engineering, consider the
case of deep excavations in soft ground (Fig. 8). Of
major concern for nearby existing structures is the "loss
of ground" and ensuing damage (8, 17, 59). A problem
situation that often arises in connection with deep
excavations or cuts, even when performed in uncrowded
areas, is that the excavation may have been partly or
nearly completed and deformations have been observed
or measured to be fairly large (Fig. 9). Do the magni-
tude, pattern and rate of shear deformations indicate
that a failure condition is rapidly approaching, or should
one expect such observations even for safe levels w.r.t.
instability? (l, 9, 28). Answers to such questions can
only be obtained by referring to relevant previous experi-
ence with similar situations or by performing realistic
deformation analyses.

..

Scope of Presentation

For practical purposes one may distinguish between time-
independent and time-dependent deformations. The time-
dependent deformations may again be divided into those
that are dependent on flow of water (i.e. drainage and
consolidation or swelling) and creep under constant
effective stress. All materials experience some amount of
creep, but fortunately not always in amounts that are
significant to the problem on hand. In the following,
emphasis is placed on the time-independent formulation
of soil stress-strain-strength models applied either for the
undrained (I = O) short term situation or fully drained
(t = 00) long term situation. Once effective stress-strain
models for the soil skeleton are formulated, the hydro-
dynamic process may fairly easily be incorporated,
although this is not discussed here (12). The creep
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Fig. 5. Measured deformations of the Svartevann dam (Refr, 92).

phenomenon may be integrated into the time-indepen-
dent analyses by including concepts from visco-elasticity
and viseo-plasticity (13, 87, 96).

The speci fie stress-deformation models used in the
analyses of jointed and fissured rock masses, are not
discussed herein (Barton, 1976, Ghaboussi et aI., 1973).

t •

COMPUTATIONAL MODELS BASED ON
ELASTICITY TREOR Y

Most geotechnical engineers are familiar with some of
the basis concepts of theory of elasticity. This is a good
reason in itself to. persue developments which might lead
to practical soil material models within the framework
of elasticity theory. Furthermore, several stress distribu-
tion computations commonly used in soil engineering
practice have been determined from elastic solutions.

Displacement contours are in feel downslream -+ is positive
11ft oO.30Sm)

Fig.6. Contours of computed horizontal displacements
caused by reservoir filling. Oroville Dam (Refr. 56).

Actually, recent numerical analyses with more sophistic-
ated material models show that the distribution. of
vertical stresses under loaded areas is not very sensitive
to the particular model used. However, this statement
cannot be generalized to include horizon.tal stressès and
shear stresses, and therefore the strain distribution in the
soil is sensitive to the material model employed.

At very low strain. levels in the soil mass, elasticity
theory may be expected to give useful deformation
estimates. Thus, for the analysis of machine footing
vibrations, for instance, the theory has proved very
successful (e.g. 68). The classical theory of elasticity
makes it possible in two or three dimensions to satisfy
the equilibrium equations and the compatibility of strains
at all points, for instance at a soil-structure in.terface
like the one in Fig. 3. With the advent of methods like
the finite element technique programmed for large com-
puters, the restrictions of simple boundary conditions,
homogeneity and linearity could be abandoned and the
applicability exten.ded.

Mainly from laboratory triaxial tests, the stress-strain
780ft relationships for special stress conditions and soils have

been developed for use in such analyses. For instance,
the hyperbolic shape of a typical stress-strain curve has
been adopted for use (43), and care is taken to specify
the modulus value as a function of shear strain and
effective stress level in. the element. Most often Young's
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Fig.7. Wave-structure-foundations interaction for offshore
gravity platforms.

modulus and Poisson's ratio are specified in this non-
linear manner, and the formulation by Duncan and
Chang (1970) is presented here as an example:

_ [ R/Cat' -aa')Cl-sin qi') ]2 CE 2)E -E. l q.
t • 2a/ sin <p' +2c' cos <p'

where Et is the tangent Young's modulus, and the initial
modulus Ei is specified to vary with the confining pres-
sure according to Janbu (1963):

(
cr ')nE.=Kp _}_

l a Po

where Pli is the atmospheric pressure and K and n are
constants to be determined. R/ is called the failure ratio
and is usually between 0.7 and 0.9 in value. An expres-
sion of similar form is suggested for the tangential value
of Poisson's ratio (44).

The other moduli (shear, bulk, etc.) may be derived
from only these two parameters (E and u) unless aniso-
tropy is considered. Cross-anisotropy, for instance, im-
plies that the stress-strain relations are isotropic in a
plane, but the elastic constants outside this plane are
different. The resulting stress-strain model, which has
five independent constants, ha been applied in practice
assuming the horizontal plane in the ground to be the
plane of isotropy.

More recently applications of non-linear material
models based on concepts from elasticity theory have
favoured the use of the combination of shear modulus
and one-dimensional compression modulus (or shear
modulus and bulk modulus) rather than the equivalent
combination of Young's modulus and Poisson's ratio.
For instance, the shear and one-dimensional compression
moduli may conveniently be measured on the same soil
specimen and at different effective stress levels in the
simple shear apparatus (Drnevich, 1975).

n

,.., ,

For the undrained situation of a perfectly saturated
soil, a condition of no volume change must be specified
in the incremental analysis (11). In the early days this
was achieved by specifying a Poisson's ratio close to 0.5,
for instance 0.49, as the use of the value 0.5 required a
reformulation of the available finite element programs
at the time. As shear deformations increased, the equi-
valent Young's modulus used in the numerical incre-
mental analysis was reduced, and unless Poisson's ratio
was correspondingly increased closer to 0.5, this would
lead to an unintentional reduction in the bulk modulus
(= E/3(1-2u)) for the soil. Thus, the computed deforma-
tions included volume deformations, which in reality do
not occur. This comment is included as a small, but well
defined illustration, of the care one must exercise when
using simplified models modified to suit a special situa-
tion.

..

Limitations

For a specified monotonic loading, that is loading with-
out reversal, one need not worry about what part of
the strains are residual (plastic) and what part is recover-
able (elastic). Thus, although soil is by no means an
elastic material, one may keep track of the residual
strains by using different mod.ulus values for an element
in loading, unloading and reloading. That in itself is no
major objection to the use of material models based on
linear or non-linear elasticity theory. The main difficulty
lies in modelling the correct behaviour with respect to

- 6 -



I ~

"O "O

'"~ >

~
o
E
Q)

.!: œ
>- c-,o oo o

LateralFill

Soft to Medium Cloy

Su = 2-41/m2

[

O E

IO j
20 ::

Q)

en

Weathered Cloy
Su = 3-6 11m2

L¡~H_.,m
O 22 374455 O

Day Number

Soft to Medium Cloy
Su = 2-4 t/m2

Belval
Sheet Piles

Bedrock O 4 8 IO2 6

Meters

Fig.8. Deformations associated with deep excavations in soft ground (Refr. 59).

the direction of the increments of stress. This will be
discussed in the next section under plasticity theory.

For instance, one situation the models outlined above
cannot handle is the one illustrated by the Mohr dia-
gram in Fig.10. The soil element is brought closer to
failure, not by increasing the shear stresses, but through
a reduction in the magnitude of the mean normal effec-

tive stress. Under this condition, the models described
above, predict expansive strains of the element in all
directions, whereas the strain in the direction of the
major principal stress would actually be compressive.

In spite of their shortcomings, models based on elasti-
city theory concepts have been amazingly successful in
explaining observed behaviour for many situations and
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Further Developments
Realizing many of the shortcomings of the early models,
several researchers have attempted to increase the gene-
rality of these basic elasticity models by including the
phenomenon of dilatancy and coupling between shear
effects and normal stress effects. The model applications
involve a number of compromises to accomodate as
many aspects of observed soil behaviour as feasible, but
at the same time avoid unreasonable representation of
other aspects. Although some modifications may not be
theoretically stringent within the framework of elasticity
models, improved modelling of certain. problems may be
achieved. For instance, to stay within the framework of
conservative (energywise) elasticity theory, arbitarary
values of Poisson's ratio are not permissible. The values
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Fig.9. Calculated displacements during excavation of the Kimola canal (Refr. 1).

guide design decisions in. others (e.g. 9, 28, 30,44, 56, 81).
The success depends largely on whether laboratory tests
used to define the postulated stress-strain behaviour have
been selected such that they represent the basic behavi-
our of the most important parts of the soil mass involved
in the analysis. Even though the behaviour predicted in
local regions may be totally incorrect, these local regions
may have very little effect on the overall behaviour.
Thus, comparisons between actual measurements and
computed deformations also show that they may agree
well for some components and at some points but not
so well for others.

~' Triaxial

-T03

sample

o

Fig. IO. Predicted direction of strain increment for prescribed
stress path.

cannot be larger than 0.5 whether the value is explicitly
specified or implicitly implied by the ratios between
moduli specified (for instance shear and one-dimensional
compression modulus). To model dilatant behaviour, for
example, Po.isson's ratio larger than 0.5 has been used,
which implies a negative bulk modulus. Such models
may still work well for certain practical situations as
long as the field stresses and strains are similar to those
under which the experimental material observations were
made.

A most interesting study is the one presented by Tok-
heim (1976). His model is mainly based on triaxial tests
on sand, supplemented by a few simple shear tests. The
model requires five different moduli which are specified
as functions of the mean normal stress (octahedral
stress), the degree of strength mobilization, /.,. and the
stress ratio. b:

f =_1_ Yz (al' -oa')
s sin cp' Y2(o¡'+oa')+c'/tan cp' (Eq.3)

b o/ -oa'
al' -03'

Mk compression modulus

Md dilatancy modulus

Mo oedopath modulus

My mobilization modulus

G shear modulus

The proposed constitutive formulation has not been
tested by analyzing general boundary value problems.
but the model seems to be more comprehensive and
realistic than any of the others referred to above. In
general, when modelling soil behaviour, the higher-
order elastic constitutive laws like the hypoelastic for-
mulation of Truesdell (1955) may certainly lead to im-
provements over the first-order Hooke's type formula-
tions (Desai, 1972). In reality, one then approaches for-
mulations which have similarities with the more basic
theories of plasticity presen.ted in the next chapter.
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STRESS-STRAIN MODELS BASED ON
PLASTlCITY THE OR Y

Tt has been observed experimentally in the laboratory
and in the field that:

Most soils are inelastically deformed almost immedi-
ately upon application of stress (irrecoverable strains).

- There is a coupling between volume changes and
changes in shear stress. Loose soils contract in volume
during pure shear and dense soils expand (dilation).

It is not possible to relate final stress state to final
strain state without knowledge of the loading/unload-
ing stress path (stress-history dependence, stress path
dependence).

- The principal axes of the strain increment may coin-
cide fairly well with the principal axes of the stress
increment at very low stress levels (elastic range).
However, at stress levels approaching failure, the
strain increment axes tend rather to coincide with the
principal axes of stress (direction of strain increment).

- The straining of soil elements approaching failure is
clearly anisotropic (stress-induced anisotropy during
yielding).

Many soils experience a decrease in strength with
further straining after a peak strength has been
reached (strain-softening behaviour).

For these and other reasons, models based on first-
order elasticity theory or extensions thereof cannot be
expected to account properly for soil behaviour, although
as indicated in the previous chapter, in many cases such
models may suffice. The philosophy behind the formula-
tion of fairly rigorous mathematical constitutive models,
whose complexity may at first seem unwarranted, is that
material idealization.s and mathematical simplifications
ought to be postponed to as late a stage in the formula-
tians as feasible. Thus, during the deformation analysis
one may keep track of the "simplification errors" as they
propagate through to the final deformation prediction.
Based on studies with rigorous material stress-strain
models, in, time, one should be able to determine for
what situations and soils, simple material models will
give sufficiently accurate estimates in the future.

The incremental theory of plasticity is a more power-
ful and less complex mathematical tool than for a long
time seemed to be recognized. Material models based on
a combination of elastic-plastic concepts go a long way
to incorporate the observed soil behaviour listed above.
The rigorous framework of plasticity theory has been
developed and, like the theory of elasticity, is available
to the soil mechanician. As plasticity theory was origin-
ally developed for metals, it needed to be adapted and
extended to model soil behaviour. The adaptation process
has been going on since the early works by for instance
Drucker and Prager (1952).
It is the basically frictional behaviour of soils, as com-

pared to the idealized perfectly "cohesive" ·behaviour of
metals, that makes the plasticity formulation for the soil

mechanician a step more complex than. the correspond-
ing task for the solid mechanician. However, for one
special situation in geotechnical engineering, the behavi-
our of soil is considered completely "cohesive", and that
is for a saturated soil loaded (or unloaded) under un-
drained conditions. This is the so-called "cp = O" case.
The undrained shear strength values are determined
directly from appropriate undrained in situ or labora-
tory tests, and the result is a soil profile with "cohesive"
strength values relevant for the situation on hand. This
situation will be used to describe some of the funda-
mental concepts of plasticity theory in its simplest form
applied in soil mechanics.

Simple Elastic-Perfectly Plastic Models for
Noniriction al Behaviour

The initiation of yielding is defined by the yield criterion
feo). It is convenient and customary to picture the yield
condition as a geometrical surface in stress space and
refer to it as a yield surface (Fig. II). For' example, the
Tresca criterion states that plastic flow occurs when the
maximum shear stress equals the strength of the mate-
rial. For a plane strain situation this gives the following
relationship:

er,

6,

Results from triaxial
compression tests lie
in this plane

Open- ended infinite cylinder

with hexagonal cross section

o,

Fig. 1J. Stress space and the Tresca yield surface.
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................ (Eq.4)

3
f(a)=2Toc/'-SII2=0 (Eq. 5)

where

+Toc/= +[ (a.r-a)2+ (ay-az)2+ (a.r-ay]

+Tx/+T.IIZ
2
+"t.a2 = + [(al-a2)2+(al-aal2+(CT2-o'3)2]

Tact is called the octahedral shear stress and is acting in
the octahedral. plane shown in Fig. l J. In stress space the
von Mises criterion plots as an open-ended cylindrical
surface as the Tresca criterion. However, the cross sec-
tian in the octahedral plane is circular and not hexagonal
as in Fig. J l .

Thus, the stress state giving the yield condition for
which plastic flow occurs, may for instance be specified
by Eqs. 4 or 5. For deformation computations ane
further needs to define the "plastic flow rule" stating the
relationship between the plastic strain increment vector
and the stress and stress increment vectors. In plasticity
theory this is achieved by defining a p.lastic potential and
the normality rule, which states that in. stress space, the
plastic strain increment vector lies along the outward
normal to the plastic potential surface. The plastic poten-
tial surface is a unique function of stress components in
the same way as the yield surface. The introduction of
this concept is a convenient way of describing material
behaviour, but other descriptions could weIJ be used. If
the plastic potential surface is assumed to be identical
to, or takes the same functional form as the yield sur-
face, the plastic flow law is called associated. If this is
not the case, the Jaw is termed non-associated, as will be
discussed in a later section.

where a.c' au
al' a~
TJ'JI

Sil

normal stresses
major and minor principal stresses
shear stress in the plane of straining
shear strength; which in this case is the
undrained shear strength for the soil at
the point considered.

If fea) < O, the initial plus imposed shear stress give a
maximum shear stress less than. the shear strength, and
the material is assumed to behave according to the theory
of elasticity, suitably non-linear and anisotropic if appro-
priate. If fea) = O plastic flow occurs, and plastic as well
as elastic strains take place simultaneously. The function
fea) can never be > O in this formulation of perfect
plasticity where a well defined yield plateau is reached.
The level of the plateau is unchanged by further plastic
straining as there is no subsequent hardening or soften-
ing which modifies the yieJd criterion ..

A similar relationship is given by the von Mises yield
criterion:

When the yield function fea) is independent of plastic
strains, the current state of stress during loading is always
on. this yield surface once yielding is initiated. During
unloading the stress state (stress point) comes inside the
yield surface. During plastic flow the total strain incre-
ment consists of the vectorial sum 0.E the elastic and
plastic strain components, and the relative magnitudes of
the two depend on the situation being analyzed. When
for instance the Toresca yield criterion with an associated
flow rule is used, one gets in.cremental relationships of
the form (plane strain situation):

_!!_ (a.r-al/) Gt.c/ E 6
I',.TX1I_ S 2 T.tll 2 (I',.cll- I',.c.r) - S 2 I',.Y.fll .. ( q. )

If li

where G = elastic shear modulus and I',.c.c' I',.cy and I',.YJ"I
denote increments of lineal and shear strains.

Such a simple model for elastic- perfectly plastic non-
frictional behaviour was first applied to analyze the
undrained load-settlement relationship and bearing 'capa-
city for a strip footing on homogeneous, saturated clay
(3, 39). The numerical analysis illustrated how the yield-
ing under the footing was initiated, how the contained
yielded zone expanded and the settlements accrued, and
how the Joad-settlement curve asymptomatically ap-
proached the Prandtl ultimate load. It further demon-
strated that for such a situation, the ultimate bearing
capacity is independent of the magnitude of the initial
horizontal stresses in, the ground, but clearly, the accu-
mulated settlements at any load level beyond the elastic
range are sensitive to these stresses.

Generalized Elastic-Plastic Model for
Nonfrictional Behaviour

Several of the strong idealizations of the simple model
presented in the previous section have gradually been
alleviated. Perfect plasticity implies a yield function. (or
yield surface in stress space) which is defined independ-
ently of the accumula.ted plastic strains. With the pos-
sible exception of some metals, such a single, well defined
yield plateau does not exist (Fig. 12). Thus, strain-
hardening la ws have been specified such that the yield
surface in stress space may expand (enclosed volume is
increased) as plastic straining occurs. First yielding is
specified at the level when significant plastic strains start
to take place, which may be well below the level at
which .I'll was defined in the idealized analysis above.

As soil materials often exhibit a strain-softening be-
haviour with loss of shear resistance after a peak strength
is reached (Fig. 12), general constitutive relationships for
soils should also accomodate this physical phenomenon.
Such formulations have been developed and applied (40,
61, 63, 86, 94). However, further research is required to
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Fig. J 2. Plastic strain-hardening and strain-softening
behaviour.

model, for instance with finite elements, the material
behaviour in regions with highly concentrated shear
strains (shear bands) which develop in strain-softening
soils and situations exhibiting progressive type failures.

A uniform increase or decrease (hardening or soften-
ing) of the volume enclosed by the yield surface is
termed isotropic hardening or softening. Isotropic models
are not sufficiently general in soil mechanics since under
unloading and/or loading reversals they imply elastic
behaviour until the stress state (point) again has reached
the previous yield surface. Experimentally it is observed
that upon unloading both elastic and plastic deforma-
tions occur well before the stress is fully reversed (similar
to the Banschinger effect in metals). Therefore, it has
been proposed to use a combination of isotropic (36, 60)
and kinematic (54) rules in which the yield surface is
allowed to change in size at the same time as it is trans-
lated (rigid body motion) in stress space by the stress
point.

Prévost (1977), based on the work by Mróz (1967),
suggests a model which uses a collection of nested yield
surfaces. For any loading/unloacting history, the instant-
aneous configuration of the field of yield surfaces is
determined by calculating the translation and expansion
(or contraction) of each yield surface during successive
changes in load. The in.itial positions and sizes of the
yield surfaces reflect the past stress-strain history of the
material element, and are a direct expression of the
material "memory" of its past loading history. A plastic
modulus is associated with each of the yield surfaces.
The outermost yield surface plays the role of a failure
surface, and it is a geometrical boundary in stress space
outside which the stress point and the inner surface
cannot go. The yield surfaces cannot overlap and they
move together when contact is made and are tangent to
each other (Fig. 13; for simplicity of illustration, the yield
surface cross-sections are assumed circular in the octa-
hedral plane). Since the yield surfaces are allowed to
change position in stress space in order to follow the
stress point, the yield functions reveal the present aniso-
tropy of the soil element, but do not in general preserve
the same anisotropy during subsequent loading. The
application of shearing stresses tends to erase the mate-

rial's memory of its previous history in. that its state of
initial anisotropy is disrupted by shear, and a new state
of anisotropy is created.
The use of many discrete surfaces allows for the

adjustment of the hardening/softening rule to any experi-
men.tally observed behaviour by, in effect, employing a
polynominal in the curve-fitting procedure. The model
parameters required to characterize soil behaviour may
be derived from the results of conventional consolidation
and undrained triaxial tests. The parameters are (I)
initial positions and sizes of the yield surfaces and their
associated plastic moduli, (2) yield surface size and/or
plastic moduli changes as loading proceeds, and (3)
elastic moduli. In a practical application point (l) implies
a retracing of the past geological history and an estimate
of the in-situ stress condition prior to any load changes.
The necessity for determining this in.itiai. stress state is
common to all realistic deformation computation models
in geotechnical engineering, although it may not always
be explicitly stated in the proposed analyses.

Prevost's model has been applied to predict the un-
drained behaviour of laboratory test specimens based on
the observed behaviour of other specimens subjected to
different stress systems. This has been done for triaxial
compression and extension tests and simple shear tests
with cyclic as well as monotonic loading (64, 65).
Furthermore, in combination with a very efficient finite
element program, the material model has been used to
compute the cyclic, undrained soil deformations and the
accumulated undrained "shakedown" settlements under
an offshore gravity oil platform subjected to wave load-
ing (37).

Simplified Elastic-Perfectly Plastic Models for
Frictional Behaviour

As for non frictional models, first a very simplified ver-
sion of a frictional model is presented.

The shear strength of a soil element is a function of
the effective normal stress on the potential failure plane
at the time of failure, and the effective strength para-

Q, o,
Nested yielded

surfaces

a) Isotropic plasticity rule

b) Kinemalic plasticity rule
Material which exhibits
rotational symmetry about
the vertical axis. Obtained
by translation of inner
circle in Io )

Fig. 13. Combined isotropic and kinematic plasticity rules.
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meters tanrp' and c', The special "cp = O"-formulation
described above takes this behaviour into account by
determining the undrained strength used in the yield
criterion from soil samples subjected to the same initial
effective stresses and the same imposed total stress incre-
ments as the corresponding element in the field situation
under study. For a more general development of stress-
strain-strength relationships for soils, the constitutive
models must trace the magnitude of effective stresses,
which means analyzing the magnitude of pore water
pressure, either explicitly or implicitly.

Most of the early work applying plasticity theory in
soil mechan.ics assumed that the classical two-dimen-
sional Mohr-Coulomb strength relationship may be con-
sidered to be a yield criterion. Drucker and Prager (1952)
proposed an approximate (Bishop, 1966) three-dimen-
sional, mathematically convenient form of the Mohr-
Coulomb criterion to incorporate all the principal
stresses. By rewriting their original equation somewhat,
one gets:

Loct=k'+oocta' (Eq, 7)

where oaci Y:í(o¡' + 02' + 0a') = Y:í(O.r + 0]1+ Oz) =
octahedral normal stress (mean normal stress). This

MOHR- COULOMB ./
0,=0,=0, ./

,/

DRUCKER-PRAGER

- - - - - -~------------~-

Fig. 14. Mohr-Coulomb and Drucker-Prager criteria
presented as yield surfaces in stress space.

criterion should be compared with the von Mises cri-
terion (Eq. 5) and the Mohr-Coulomb equation (Eq. 1).
It has been called the extended von Mises yield criterion
and plots as an open-ended cone in stress space (Fig. 14).
The strength parameters k' and a' correspond to c' and
tanrp". With this aj a yield criterion and assuming an
associated plas.tic flow rule, one may derive incremental
relations between stresses and strains in much the same
way as for the non-frictional criteria, although the
algebra is considerably more complicated (lO, 19,21,35,
67, 76).

After some scrutiny of the above formulations and
assumptions, it became apparent that the use of the
Mohr-Coulomb relationship or the Drucker-Prager
generalized form as yield criteria and associated flow
rules, gives unrealistically large plastic volume increases.
Even for dense sands, which exhibit considerable dilation,
the computed values are too high. Therefore, quite
naturally some researchers later suggested using so-called
non-associated flow rules (19, 35, 95), that is, the yield
function and the plastic potential function are not
identical. Thus, there is no requirement that the plastic
strain increment vector be normal to the Mohr-Coulomb
line, or the generalized Drucker-Prager relationship. It
should be noted that the non-associated formulations
mentioned above, are still within the context of classical
plasticity theory. Too often in the past, plasticity theory
has been passed off as unsuited to model soil behaviour
based on the argument that "the normality rule is not
valid for soils". The normality rule applied to the Mohr-
Coulomb relationship may not give realistic strains, but
that is no argument against the use of plasticity theory
which is much more versatile than commonly recognized.

0,
Generalized Elastic-Plastic. Capped Models for
Frictional Behaviour

Yielding actually occurs well below the Mohr-Coulomb
envelope or the generalized yield surface proposed by
Drucker and Prager. Such plastic strains are not ac-
counted for in the models described in the previous
section.

Lade and Duncan (1973), based on some very fine
experimental work, and realizing the limitations of the
formulations outlined a bove, proposed a failure criterion
for sands of the form

Cl,
and a plastic potential surface of a somewhat different
form as shown in Fig. IS.

kl is a constant that depends on sand density, II =
3(1)ct' and (3 = aI' o/ G~' are the first and third stress
invariants, respectively. (To facilitate the interpretation,
Eq. 8 may be compared to the well known form of the
two-dimensional Mohr-Coulomb criterion GI'/O/ = Ncp
where Ncp = 1 + sincp'll - sincp'.)

The yield function and plastic potential function are
very similar but not identical, and a non-associated flow
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rule is used. The model has been employed to predict
the behaviour of laboratory specimens subjected to com-
plex stress paths, and to analyze passive earth pressure Goct

behind a vertical wall (47, 48, 49, 57).
However, even an effective stress path following the Fig. 17. Critical state soil mechanics and the yield cap.

hydrostatic axis in Fig. 14 or the horizontal axis in
Fig. 16 will lead to permanent, plastic changes in volume
although there is no shear stress imposed. That short-
coming of early simplified formulations led to the intro-
duction of "yield caps" on the open-ended Drucker-
Prager surface (Drucker et al., 1955).

Failure Surface, corresponds to 1¡3/ls= kl

Yield Surfaces, corresponds to iJ3/h<kt

Hydrostatic Axis

Plastic Potential Surface

Fig. 15. Failure, yield and plastic potential surfaces proposed
by Lade and Duncan (1975).

Fig. 16. Yield cap on an open-ended surface.

As the stress changes from point I to, U in Fig. 16,
the yield cap also moves as the result of strain harden-
ing. The plastic strain increments are assumed riormal
to the criterion corresponding to the current state of
stress. If the stresses are reversed from II to lU, the soil
was, in the early formulation, assumed to behave elastic-
ally, and the yield cap remained fixed through point II.
When the stress is increased to a point IV on the current
location on the yield surface, the material will again
undergo plastic strains. Thus, the current yield surface
in stress space is a reflection of past plastic strains, and
hence a reflection of, for instance, past consolidation
history.
The strain hardening is specified as a function of the

plastic volumetric strain. As plastic volume changes
occur, the yield surface moves out and becomes a larger
"cap" in Fig. 16. In the original and classical work on
critical state soil mechanics by Cambridge University
(e.g. 70, 71, 72, 73, 77), the concepts were presented in a
diagram like Fig. 17 where a third axis is included to
trace the variation in void ratio. Fig. 16 is a section
through Fig. 17 normal to the void ratio axis. The intro-
duction of a yield cap on a surface like the ones shown
in Fig. 14, then leads to a combined surface and an
enclosed volume in stress space as presented in Fig. 18.

Critical void ratio line

Void ratio

Yield cap dependent
on density

°3
Fig. 18. Generalized yield surface with cap plotted in stress

space.
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A stress path from I to II in Fig. 16 gives a plastic
volume decrease and thus a strain-hardening behaviour.
This is the case on the "wet" side of the critical-void-
ratio line. The model has to accomodate the behavi-
our on the "dry" (overconsolidated) side as well, but this
has so far been subjected to much less scrutiny partly
due to the severe experimental difficulties involved. A
logical suggestion is that the yield cap from the wet side
is extended over to the dry side (Fig. ]9). The yield sur-
face should then have a horizontal tangent where the
cap intersects the critical-void-ratio line to ensure no
volume change at this stress state. The outward normal
to the yield surface is inclined to the left on the dry side
of the crown, which means that a plastic volume increase
takes place. This gives strain-softening behaviour, and
the yield surface collapses back to a smaller size during
plastic straining in this stress range. Alternatively, it has
been suggested that on the dry side one should use a
Mohr-Coulomb type criterion with a non-associated flow
rule. It is very difficult to experimentally verify a theor-
etical model in this range, because strain-softening
behaviour may occur locally in a laboratory sample with-
out being detected by exterior measurements. Interior,
local strain measurements using X-ray techniques may
be used to shed further light on such behaviour, prefer-
ably on fairly large soil samples.

The critical state, capped model described above has
been applied in deformation analyses by several investig-
ators (e.g. 10, 21, 35,62, 75, 84). Most of these models
assume that no plastic strains are associated with a stress
path inside and along the volumetric yield cap. There-
fore, Roscoe and Burland (1968) suggested an improve-
ment in their formulation by also including a shear yield
surface which later has been described and applied (62).

A shortcoming of the yield-cap model presented so
far in this section, is the simplification that if the stresses
are reversed from for instance II to III in Fig. 16, the
soil behaves elastically during this stress change, and the
yield cap remains fixed through point II. However, a soil
element which has yielded in one direction of loading
shows a different behaviour when the loading is reversed.
The actual yielding is anisotropic, and as was discussed
in the sub-section on generalized non frictional behaviour,

"Dry"side
"Wet" side

Uoct

Fig. 19. Yielding on dry side of critical and subsequent strain
softening.

a combination of isotropic and kinematic plasticity rules
may be used to model such phenomena. The concepts
applied by Prevost (1977) are not limited to undrained
situations and total stress formulations and the model
may be expressed in terms of effective stresses and made
to account for volume changes and yielding dependent
on Ooct'.

An elastic-plastic formulation based on the concepts
of critical state, closed yield surfaces, and a combination
of isotropic and kinematic hardening/softening rules
shows real promise of being able to accornodate the
observed soil behaviour phenomena listed at the outset
of this chapter, including cyclic loading. The resulting
yield surface may be pictured in stress space as a roughly
ellipsoidally shaped balloon (blimp), which may change
in volume as well as translate. For a closed yield surface
it is then apparent from the discussion related to Fig. 19,
that there exists a region with volume contraction, a dila-
tant region, and finally a critical state, no-volume change
condition. Specific hardening rules tor the combined
translation and expansion (contraction) of this yield sur-
face may be formula:ted by fitting algebraic expressions
to experimentally observed soil stress-strain curves. How-
ever, alternatively, it is recommended to use a set of
discrete, nested surfaces as explained earlier. The family
of surfaces cannot overlap, and they mo-ve together when
contact is made. Although the exact shape of the nested
"blimps" has not been fully investigated experimentally,
the framework for the model is now well formulated.
The location of the o-utermost yield surface is governed
by the critical state surface.

Thus the end of a long and difficult development pro-
cess seems to be in sight. However, as many of the
achievements ha ve occurred so recen.tly, the proposed
final form of the general model has not yet been ade-
quately tested. A specialty session entitled "Constitutive
Equations for Soils" is planned for the 9th International
Conference in Soil Mechanics and Foundation Engineer-
ing in Tokyo, July 1977, and it is expected that the
recent significant progress in the state of the art will be
reflected in the content of that session. Finally, it should
be noted that the use of the elaborate frictional material
models to solve boundary value problems, requires very
small load increments, high precision in the numerical
computations, and the computer program must be a ble
to handle situations with non-symmetric stiffness ma-
trices.

"STRESS PATH METHOD" FOR
DEFORMATION COMPUTATIONS

The previous two chapters pointed out how difficult it
is to formulate and use generally valid constitutive soil
stress-strain models. Therefore, the following semi-theor-
etical approach has frequently been employed to arrive
at deformation estimates. The procedure consists of an
intelligent combination of reasonable field stress estim-
ates and laboratory soil sample testing. Representative

- 14 -



Ii.:~~
I D"~--------------------------~~------------~

l::~-.-----1D"~----~~~---'r--.~1+-H~H-~----~~----~
~
! D'~~~~~~~~~~

!'D"~--~------~-i--~~~~-+~~~~~--+---~

soil elements sampled from the actual field situation are
subjected to the same stresses and stress orientations in
the laboratory as predicted for the corresponding ele-
ments in the field. The resulting strains (and pore water
pressures) are recorded directly in the laboratory. One
subsequently obtains soil deformations by integrating
strains for appropriate elements over the associated
lengths in the field. In practice, one must use available
laboratory devices which impose, as closely as possible,
the correct stress paths on the selected, representative
soil elements.
The approach relies on a reasonable selection of the

relatively few representative elements which are used in
the testing and integration process. This selection may be
based on previous field experience with similar situa-
tions, or by working through a finite element analysis of
the problem using a very simplified material model. In
many cases the simplified analysis gives fairly realistic
stress distributions although the magnitudes of strain
may be very misleading. One then uses the computed
stresses and stress changes when running the laboratory
tests to determine the resulting strains. Clearly, one may,
if feasible, go through several iterations of the process
by updating the finite element stress estimates using the
observed stress-strain behaviour from the previous round
of laboratory testing.

As is the case when constitutive models are formulated
and used, the success of the approach depends partly on
our ability to determine the in-situ effective horizontal
stresses prior to the load changes, and the evaluation of
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the field drainage conditions. This "tailor-made" proce-
dure using a combination of stress computations and
special laboratory testing on representative soil samples
have been applied on numerous occasions in geotechnical
engineering. It was Lambe (1967) who coined the name
"stress path method" and clearly summarized the merits
of the procedure. As the formulation of constitutive
material models for cyclic soil behaviour is particularly
demanding, recent applications of the 'stress path
method" include analyses of offshore platform displace-
ments (2) and earth fill dam deformations during earth-
quakes (79). Seed et aL. (1975) outline five steps to follow
for an earthquake deformation analysis of an embank-
ment dam:
l. Determine the initial stresses in the embankment

before the earthquake.
2. Determine the characteristics of the motions devel-

oped in rock underlying the embankment and its soil
foundation during the earthquake.

3. Evaluate the response of the embankment to the base
rock excit·ation and compute the dynamic stresses
induced in representative elements of the embank-
ment.

4. By subjecting representative samples of soil to the
combinations of pre-earthquake stress conditions and
superimposed dynamic stress applications, determine
by test the effects of the earthquake-induced stresses
on soil elements in the embankment. These effects
will include any evidence of soil liquefaction and the

D.r- -. ~------------~
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Fig.20. Analysis of response of Lower San Fernando Dam during San Fernando Earthquake (Refr. 79).
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magnitude of the deformations induced by the earth-
quake loading.

S. From a knowledge of the deformations induced in
individual soil elements in the embankment, evaluate
the overall deformations and stability of the cross
section.

The procedure was adopted for analyses of the San
Fernando dams in the 1971 earthquake in Los Angeles,
and it provided the type of information presented in
Fig. 20. Analysis of the shear strains iduced by the earth-
quake in the Upper San Fernando Dam indicated an
average shear strain potential of about 12 %-16 %,
indicating a relative horizontal downstream movement of
the crest and berm of about lA m-1.8 m.

SUMMARY AND CONCLUSIONS

Limiting equilibrium mechanics are routinely used to
evaluate factors of safety against instability, but for
many situations such considerations are not adequate
and deformation estimates are essential. Numerical
methods like the finite element technique programmed
for the computer, have greatly improved the geotechnical
eng.ineer's ability to predict magnitudes and patterns of
deformations.

The last five years have seen a systematic, concentrated
effort to improve the constitutive stress-strain models
used in deformation analyses. Such formulations for
geologic materials turn out to be rather complex but
impressive progress has recently been made.

Fairly simple material models based on concepts from
elasticity theory may be applied with success to many
situations if the moduli are back figured from tests which
resemble the actual conditions in the field. The overall
deformation behaviour of the soil mass may thus be
predicted with adequate accuracy although predicted
local behaviour may be far from correct.

As far as the material modelling of soil behaviour is
concerned, the main difference between the first order
theory of elasticity and plasticity theory lies in the pre-
dicted direction of the strain increment as a consequence
of a stress increment. The theories lead to fundamentally
different strain predictions for soil elements approaching
failure. Higher-order elasticity models may be formul-
ated to describe much of the experimentally observed
soil stress-strain behaviour, but it is rather recommended
that concepts from plasticity theory be applied to do this
task.

Elastic-plastic formulations, using the concepts from
critical state soil mechanics, and including a combination
of isotropic and kinematic plasticity rules, are able to
accomodate the complex behaviour of different soil
materials. Not only the monotonic loading situation but
also the cyclic loading may be modelled using these
formulations.

While the theories may handle strain-softening behavi-
our in a consistent manner, the postulated stress-strain
relationships must be verified by improved experimental
testing techniques to measure local concentrations of
strains in progressive failure type situations. The deform-
ation analyses for situations involving such materials
require especially designed finite elements or element
grid generation in regions where concentrated shear
bands occur. Present ana1ytical handling of the strain-
softening phenomenon, which is an important one, needs
to be improved.

Several research programs are currently (1977) under-
way to adapt the proposed material stress-strain models
to practical deformation analyses in geotechnical engi-
neering. Within a short time this is expected to result in
a fairly widespread use because most of the difficult and
demanding groundwork to formulate such models has
now been performed.

Regardless of the success of sophisticated constitutive
soil material models in the future, there will always be
a place for deformation analyses by the "stress path
method" in geotechnical engineering. It lacks in rigour,
but the procedure is straightforward, and it encourages
a very close cooperation between the analytically oriented
and the laboratory personell, who, when using this proce-
dure, seem to appreciate each others problems.

Whether a "rigorous" constitutive material model is
formulated, or a "semi-rigorous" stress path approach is
used, the accuracy of the predicted deformations will
depend on a realistic estimate of the in-situ lateral effec-
tive stress prior to loading. This is so unless the initial
degree of strength mobilization is extremely low.

The quality of deformation predictions depends on the
quality of the procedures used for site investigation, soil
sampling, sample handling, reconstitution of samples,
laboratory testing, and in-situ testing. It was not within
the scope of the lecture to discuss these aspects.
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